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Abstrat
Some unexpeted properties of the ubi algebra generated by the
ovariant derivatives of a generi Yang-Mills onnetion over the (s+1)-
dimensional pseudo Eulidean spae are pointed out. This algebra is
Gorenstein and Koszul of global dimension 3 but exept for s = 1
(i.e. in the 2-dimensional ase) where it is the universal enveloping
algebra of the Heisenberg Lie algebra and is a ubi Artin-Shelter
regular algebra, it fails to be regular in that it has exponential growth.
We give an expliit formula for the Poinaré series of this algebra
A and for the dimension in degree n of the graded Lie algebra of
whih A is the universal enveloping algebra. In the 4-dimensional
(i.e. s = 3) Eulidean ase, a quotient of this algebra is the quadrati
algebra generated by the ovariant derivatives of a generi (anti) self-
dual onnetion. This latter algebra is Koszul of global dimension 2
but is not Gorenstein and has exponential growth. It is the universal
enveloping algebra of the graded Lie-algebra whih is the semi-diret
produt of the free Lie algebra with three generators of degree one by
a derivation of degree one.
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1 Introdution
Our aim here is to investigate the properties of a ubi algebra whih is be-
hind the Yang-Mills equations in (s+1)-dimensional pseudo Eulidean spae.
Throughout the following, s denotes an integer with s ≥ 1, the xλ denote
the anonial oordinates of Rs+1, the orresponding partial derivatives are
denoted by ∂λ =
∂
∂xλ
and the pseudo Eulidean struture on Rs+1 is dened
by the salar produts gµν of the orresponding basis elements. Thus the gµν
for µ, ν ∈ {0, 1, . . . , s} are the omponents of an invertible real symmetri
matrix and we shall denote by gµν the matrix elements of the inverse matrix,
that is one has gµλg
λν = δνµ.
The Yang-Mills equations here are equations for onnetions on bundles
over Rs+1. Any omplex vetor bundle of rank p over Rs+1 is isomorphi to
the trivial bundle Cp ⊗ Rs+1 → Rs+1 and a onnetion on suh a bundle is
desribed by a Mp(C)-valued one-form Aµdx
µ
. The orresponding ovariant
derivatives are given by ∇λ = ∂λ +Aλ. The Yang-Mills equations for the Aµ
are ompatly expressed in terms of the ∇µ by
gλµ[∇λ, [∇µ,∇ν ]] = 0
for ν ∈ {0, . . . , s}.
It follows that any solution of the Yang-Mills equations arries a repre-
sentation of the abstrat algebra A generated by elements ∇λ with the ubi
relations above. Reently there has been a renewal of interest for this algebra
in onnetion with string theory [20℄.
The algebra A is a homogeneous algebra of degree 3, in short a ubi
algebra, so the onepts and tehnis developed in [5℄ and [3℄ are well-suited
to analyse its properties. This is the aim of Setions 2 and 3.
In the 4-dimensional ase (i.e. s = 3) with the Eulidean struture gµν =
δµν (µ, ν = 0, 1, 2, 3) and the orientation of R
4
orresponding to the order
0, 1, 2, 3, a onnetion an be self-dual that is suh that
[∇0,∇k] = [∇ℓ,∇m]
or anti-self-dual that is suh that
[∇0,∇k] = −[∇ℓ,∇m]
2
for any yli permutation (k, ℓ,m) of (1, 2, 3). A self-dual or anti-self-dual
onnetion satises the Yang-Mills equations whih means that the ubi al-
gebra A admits as quotients the quadrati algebras A(+) and A(−) generated
by elements ∇λ (λ = 0, 1, 2, 3) satisfying the orresponding quadrati rela-
tions above. These algebras are investigated in Setion 4.
The algebras investigated here belong to the lass of homogeneous alge-
bras, a lass of algebras whih play a key role in the nonommutative version
of algebrai geometry (see e.g. [1℄, [2℄, [17℄, [22℄, [23℄, [3℄, [9℄). In this ontext
the anonial generalization of the Koszul omplexes of quadrati algebras
[21℄, [18℄ are N-omplexes [5℄ and the right generalization of the notion of
Koszul algebra introdued in [3℄ is losely tied to these N-omplexes [5℄. It
is worth notiing here that the theory of N -omplexes has independently
beneted of reent developments (see e.g. [10℄, [11℄, [12℄, [14℄, [15℄, [16℄, [24℄
and referenes quoted in these papers).
For the onveniene of the reader we have added an appendix summariz-
ing a simplied version of some notions used in the paper for homogeneous
algebras [5℄ suh as the Koszul and the Gorenstein properties.
2 The ubi Yang-Mills algebra and its dual
Let A be the unital assoiative C-algebra generated by the elements ∇λ,
λ ∈ {0, 1, . . . , s} with relations
gλµ[∇λ, [∇µ,∇ν ]] = 0, ν ∈ {0, 1, . . . , s} (1)
By giving the degree 1 to the ∇λ, A is a graded algebra whih is onneted
(i.e. A0 = C1l) and generated in degree 1. In fat A is the 3-homogeneous (or
ubi) algebra [3℄, [5℄ A = A(E,R) with E = ⊕λC∇λ and where R ⊂ E
⊗3
is
spanned by the
gλµ(∇λ ⊗∇µ ⊗∇ν +∇ν ⊗∇λ ⊗∇µ − 2∇λ ⊗∇ν ⊗∇µ) (2)
for ν ∈ {0, 1, . . . , s}. The ubi algebra A will be refered to as the ubi
Yang-Mills algebra. The algebra A an be equipped with a struture of
∗-algebra if one denes its involution a 7→ a∗ by setting
∇∗λ = −∇λ (3)
3
for λ ∈ {0, 1, . . . , s}.
The dual A! of A is by denition [5℄ the 3-homogeneous algebra A! =
A(E∗, R⊥) where E∗ = ⊕λCθ
λ
is the dual vetor spae of E with θλ(∇µ) = δ
λ
µ
and where R⊥ ⊂ E∗⊗
3
is the annihilator of R. It is easy to verify that A! is
the unital assoiative C-algebra generated by the θλ, λ ∈ {0, 1, . . . , s} with
relations
θλθµθν =
1
s
(gλµθν + gµνθλ − 2gλνθµ)g (4)
where g = gαβθ
αθβ . By ontration of Relation (4) with gλµ one obtains
gθν = θνg (5)
whih means that g (∈ A!2) is entral. Using the bilinear salar produt on
E∗ dened by (a|b) = gλµaλbµ for a = aλθ
λ
, b = bλθ
λ ∈ E∗ = A!1, one an
rewrite (4) in the form
abc =
1
s
((a|b)c+ (b|c)a− 2(a|c)b)g (6)
for any a, b, c ∈ E∗ = A!1. It follows in partiular that one has abc = cba and
a3 = 0 for any a, b, c ∈ A!1.
PROPOSITION 1 One has A!0 = C1l, A
!
1 = ⊕λCθ
λ
, A!2 = ⊕µνCθ
µθν ,
A!3 = ⊕λCθ
λ
g, A!4 = Cg
2
and A!n = 0 for n ≥ 5.
The rst 3 equalities follow from the denition, the last 3 ones are easily
established for instane by using (4) in a basis (θλ) where gµν is diagonal.
Thus, one has dim(A!0) = dim(A
!
4) = 1, dim(A
!
1) = dim(A
!
3) = s + 1,
dim(A!2) = (s+ 1)
2
and dim(A!n) = 0 otherwise.
3 Homologial properties
As explained in [5℄ to the ubi algebra A is assoiated the hain 3-omplex
of left A-modules K(A) dened by
0→ A⊗ (A!4)
∗ d→ A⊗ (A!3)
∗ d→ A⊗ (A!2)
∗ d→ A⊗ (A!1)
∗ d→ A→ 0
with the (A!n)
∗
given here by (A!1)
∗ = E, (A!2)
∗ = E⊗
2
, (A!3)
∗ = R ⊂ E⊗
3
,
(A!4)
∗ = (E ⊗ R) ∩ (R⊗ E) ⊂ E⊗
4
and where d is indued by
a⊗ (e1 ⊗ · · · ⊗ en) 7→ ae1 ⊗ (e2 ⊗ · · · ⊗ en)
4
for a ∈ A and ei ∈ A1 = E. From K(A) one extrats the hain omplex of
left A-module C2,0 dened by
0→ A⊗ (A!4)
∗ d→ A⊗ (A!3)
∗ d
2
→ A⊗ (A!1)
∗ d→ A→ 0
whih, as pointed out in [5℄, oinides with the Koszul omplex of [3℄. We
shall show that this omplex is ayli in positive degrees n ≥ 1 whih means
that A is Koszul in the sense of [3℄.
THEOREM 1 The ubi Yang-Mills algebra A is Koszul of global dimen-
sion 3 and is Gorenstein.
Proof. In view of the results of last setion on the A!n, one has the isomor-
phisms of left A-modules A ⊗ (A!4)
∗ ≃ A and A ⊗ (A!3)
∗ ≃ A ⊗ (A!1)
∗ ≃
As+1 = (A, . . . ,A)︸ ︷︷ ︸
s+1
and with the orresponding identiations the omplex
C2,0 reads
0→ A
∇t
→ As+1
M
→ As+1
∇
→ A→ 0 (7)
where ∇ is the olumn matrix with omponents ∇λ while∇
t
is its transposed
that is ∇t = (∇0, . . . ,∇s) and where M is the (s+ 1)× (s+ 1)-matrix with
omponents
Mµν = (gµνgαβ + gµαgνβ − 2gµβgνα)∇α∇β (8)
The relations (1) dening A readM∇ = 0 or equivalently ∇tM = 0 as easily
veried. This implies that one has the exat sequene of left A-modules
0→ A
∇t
→ As+1
M
→ As+1
∇
→ A
ε
→ C→ 0 (9)
where ε is the harater ofA dened by the projetion on degree 0; (exatness
of As+1
M
→ As+1
∇
→ A → C → 0 follows from the denitions). This implies
of ourse the Koszulity of A but also the Gorenstein property by using the
obvious symmetry by transposition. The sequene (9) is in fat a minimal
projetive resolution of the trivial A-module C in the graded ategory of A
whih implies by standard arguments that A has global dimension 3, [1℄, (see
e.g. in [4℄).
Let us remind that the Gorenstein property means here (see the ap-
pendix) that the ohain omplex of right A-modules obtained by applying
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the funtor HomA(•,A) (i.e. by duality) to eah left A-module of the Koszul
omplex (7) gives a resolution of the trivial right A-module C. In other
words this means that this ohain omplex C ′2,0 dual of the Koszul omplex
C2,0 is ayli in degrees smaller than the dimension whih is here 3 (i.e.
Hk(C ′2,0) = 0, ∀k < 3) and suh that its ohomology in degree 3 oinides
with C (i.e. H3(C ′2,0) ≃ C), that is H(C
′
2,0) = H
3(C ′2,0) ≃ C.
By using the results of [3℄, (Setion 5 and the erratum), one obtains the
following orollary.
COROLLARY 1 The left A⊗Aopp-module A admits a minimal projetive
resolution of the form
0→ A⊗Aopp → As+1 ⊗Aopp → As+1 ⊗Aopp → A⊗Aopp → A→ 0
in the graded ategory of A⊗Aopp.
This orollary opens the way for the omputation of the Hohshild and of
the yli (o)homology of A [7℄, [8℄ and implies in partiular the following
result.
COROLLARY 2 The ubi Yang-Mills algebra A has Hohshild dimen-
sion 3.
Using the Koszul property and the result of Setion 2 on the dimension of
the A!n one obtains the following desription of the Poinaré series PA(t) =∑
n≥0 dim(An)t
n
of A
COROLLARY 3 One has PA(t) =
1
(1−t2)(1−(s+1)t+t2)
Proof. Sine A is a ubi Koszul algebra one has by applying Corollary 1 of
[13℄ with N = 3
PA(t)QA(t) = 1
where
QA(t) =
∑
n
(dim(A!3n)t
3n − dim(A!3n+1)t
3n+1)
that is here where
QA(t) = 1− (s+ 1)t+ (s+ 1)t
3 − t4 = (1− t2)(1− (s+ 1)t+ t2)
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in view of Proposition 1. 
From this result, one sees that A has exponential growth for s ≥ 2 while
it is of polynomial growth for s = 1 but in this latter ase it is a well-known
ubi Artin-Shelter regular algebra [1℄, [2℄ whih is the universal enveloping
algebra of the Heisenberg Lie algebra.
By onstrution the Yang-Mills algebra A is the universal enveloping
algebra of the graded Lie algebra g = ⊕j≥1gj with s+1 generators in degree
1 and the same dening relations (1). The Poinaré-Birkho-Witt theorem
thus gives the following relation between the dimensions Nj of the gj and the
Poinaré series PA(t) ∏
j
(
1
1− tj
)Nj = PA(t).
Therefore one gets the expliit formula for j > 2
Nj =
1
j
∑
k
µ(
j
k
)(tk1 + t
k
2)
where t1 and t2 are the roots of the equation t
2 − (s + 1)t + 1 = 0 and
µ(x) is the Möbius funtion whih vanishes unless x is an integer of the form
p1 . . . pr where the pi are distint primes in whih ase its value is (−1)
r
. In
the interesting ase s+1 = 4, this gives the following expliit rst values for
the dimension Nj with j = 1, 2, ....
{4, 6, 16, 45, 144, 440, 1440, 4680, 15600, 52344, 177840, 608160, 2095920,
7262640, 25300032, 88517520, 310927680, 1095923400, 3874804560,
13737892896, 48829153920, 173949483240, 620963048160, 2220904271040,
7956987570576, 28553731537320, 102617166646800, 369294887482560,
1330702217420400, 4800706662984672, ....}.
4 The quadrati (anti) self-duality algebra
In this setion, s = 3 and gµν = δµν is the anonial Eulidean metri of
R
4
. In this ase the ubi algebra A admits two non trivial quotients A(+)
and A(−) whih are quadrati algebras. Let ε = ± and let A(ε) be the unital
assoiative C-algebra generated by the elements ∇λ, λ ∈ {0, 1, 2, 3} with
relations
[∇0,∇k] = ε[∇ℓ,∇m]
7
for any yli permutation (k, ℓ,m) of (1, 2, 3). The quadrati algebra A(+)
will be refered to as the quadrati self-duality algebra whereas A(−) will be
refered to as the quadrati anti-self-duality algebra. One exhanges A(+)
and A(−) by hanging the orientation of R4. In the following we shall only
onsider A(+), that is the algebra generated by the elements ∇0,∇1,∇2,∇3
with relations
[∇0,∇k] = [∇ℓ,∇m] (10)
for any yli permutation (k, ℓ,m) of (1, 2, 3).
The dual quadrati algebra A(+)! of A(+) is generated by the elements θλ,
λ ∈ {0, 1, 2, 3} (the dual basis of the ∇λ as basis of C
4
) with the relations
θµθν + θνθµ = 0, ∀µ, ν ∈ {0, 1, 2, 3} and [θ0, θk] + [θℓ, θm] = 0 for any yli
permutation (k, ℓ,m) of (1, 2, 3), that is with the relations
θλθµ +
1
2
∑
ν,ρ
ǫλµνρθνθρ (11)
where ǫλµνρ is ompletely antisymmetri with ǫ0123 = 1.
Relations (11) implies that θαθβθγ = 0 for any α, β, γ ∈ {0, 1, 2, 3} so one
has the following result.
PROPOSITION 2 The homogeneous omponents of A(+)! are given by
A
(+)!
0 = C1l, A
(+)!
1 = ⊕
3
λ=0Cθ
λ, A
(+)!
2 = ⊕
3
k=1Cθ
0θk
and A
(+)!
n = 0 for n ≥ 3.
The algebra A(+) is a quadrati algebra so one has the usual Koszul
omplexe K(A(+)), [18℄, whih redues here to
0→ A(+) ⊗
(
A
(+)!
2
)∗
d
→ A(+) ⊗
(
A
(+)!
1
)∗
d
→ A(+) → 0
and by using Proposition 2 to
0→ (A(+))3
N
→ (A(+))4
∇
→ A(+) → 0 (12)
where N is the 3× 4-matrix given by
N =

 −∇1 ∇0 ∇3 −∇2−∇2 −∇3 ∇0 ∇1
−∇3 ∇2 −∇1 ∇0


(13)
and where ∇ is the olumn matrix with omponent ∇λ.
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THEOREM 2 The quadrati self-duality algebra A(+) is a Koszul algebra
of global dimension 2.
Proof. The sequene of left A(+)-modules
0→ (A(+))3
N
→ (A(+))4
∇
→ A(+)
ε
→ C→ 0 (14)
is exat. In fat exatness of (A(+))3
N
→ · · ·
ε
→ C → 0 follows from the
denition and the injetivity of (A(+))3
N
→ (A(+))4 is easy to verify.
COROLLARY 4 The left A(+) ⊗ A(+)opp-module A(+) admits a minimal
projetive resolution of the form
0→ (A(+))3 ⊗A(+)opp → (A(+))4 ⊗A(+)opp → A(+) ⊗A(+)opp → A(+) → 0
in the graded ategory of A(+) ⊗A(+)opp.
This orollary then implies the following one.
COROLLARY 5 The quadrati self-duality algebra A(+) has Hohshild
dimension 2.
Finally by the Koszul property, one an ompute the Poinaré series PA(+)
of A(+) whih is given by the following orollary.
COROLLARY 6 One has PA(+)(t) =
1
(1−t)(1−3t)
From this result one sees that A(+) has exponential growth. On the
other hand, the asymmetry of the Koszul omplex shows that A(+) annot
be Gorenstein.
Corollary 6 has the following interpretation. The algebra A(+) is the
universal enveloping algebra of the semi-diret produt of the free Lie al-
gebra L(∇1,∇2,∇3) over 3 generators ∇1,∇2,∇3 by the derivation δ given
by δ(∇k) = [∇ℓ,∇m] for any yli permutation (k, ℓ,m) of (1, 2, 3). This
implies that A(+) is itself the ross-produt of the tensor algebra T (C3) =
C〈∇1,∇2,∇3〉 with the orresponding derivation (remembering that the al-
gebra C〈∇1,∇2,∇3〉 is the universal enveloping algebra of the free Lie algebra
L(∇1,∇2,∇3) [6℄). Corollaries 6 follows diretly and by remembering that
the Hohshild dimension of a tensor algebra is 1 this also implies Corol-
lary 5. It is worth notiing here that this presentation breaks the symmetry
SO(4) to retain only the SO(3) of (∇1,∇2,∇3).
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Appendix
Our aim in this appendix is to review in the ase of homogeneous alge-
bras some basi notions used in this paper. Many of these notions like the
Gorenstein property exist in the more general setting of onneted N-graded
algebras (see e.g. in [1℄, [2℄, [4℄, [22℄) but, thanks to the analysis of [3℄, they
admit the simplied formulation desribed here in the ase of homogeneous
algebras. For the latter ones we refer to [5℄ the notations of whih are used
throughout. In the following N is an integer with N ≥ 2 and K is the ground
eld whih is assumed to be algebraially losed and of harateristi zero.
A homogeneous algebra of degree N or N-homogeneous algebra is an
algebra of the form
A = A(E,R) = T (E)/(R)
where E is a nite-dimensional vetor spae, T (E) is the tensor algebra of
E and (R) is the two-sided ideal of T (E) generated by a vetor subspae R
of E⊗
N
. Suh an algebra A is naturally a N-graded algebra A = ⊕nAn with
A0 = K and A1 = E, i.e. it is onneted and generated in degree one.
Given a N-homogeneous algebra A = A(E,R) one denes its dual A!
to be [5℄ the N-homogeneous algebra A! = A(E∗, R⊥) where E∗ is the dual
vetor spae of E and where R⊥ ⊂ E∗⊗
N
= (E⊗
N
)∗ is the annihilator of R.
To a N-homogeneous algebraA = A(E,R) are anonially assoiated two
dual N-omplexes : The hain N-omplex of left A-modules K(A) and the
ohainN-omplex of rightA-modules L(A), [5℄. One hasK(A) = ⊕nKn(A)
with Kn(A) = A⊗A
!∗
n and L(A) = ⊕nL
n(A) with Ln(A) = A!n ⊗ A where
A!∗n ⊂ E
⊗n
is the dual vetor spae of A!n whih is by denition a quotient
of E∗⊗
n
= (E⊗
n
)∗. The N-dierential d : Kn+1(A) → Kn(A) of K(A) is
indued by the left A-module homomorphism of A ⊗ E⊗
n+1
into A ⊗ E⊗
n
dened by a ⊗ (e0 ⊗ e1 ⊗ · · · ⊗ en) 7→ (ae0) ⊗ (e1 ⊗ · · · ⊗ en) while the N-
dierential of L(A) = A! ⊗ A is the left multipliation by the element ξI of
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E∗ ⊗ E ⊂ A! ⊗ A orresponding to the identity mapping I of E onto itself,
i.e. ξI = θ
i ⊗ ei for any basis (ei) of E with dual basis (θ
i). It is lear that
these are N-dierentials, i.e. satisfy dN = 0, and are (left or right) A-linear
mappings. With obvious identiations, one passes from K(A) to L(A) by
applying the funtor HomA(•,A) to eah A-module Kn(A).
Given aN-omplex one an obtain from it ordinary omplexes (2-omplexes)
alled ontrations by putting together alternatively p or N − p arrows d of
the N-omplex (see e.g. [10℄, [5℄). If K is a hain N-omplex these are the
hain omplexes Cm,p(K)
· · ·
dN−m
→ KNr+p
dm
→ KNr+p−m
dN−m
→ . . .
and if L is a ohain N-omplex these are the ohain omplexes Cm,p(L)
· · ·
dN−m
→ LNr+p
dm
→ LNr+p+m
dN−m
→ . . .
where all the possibilities are overed by the onditions 0 ≤ p ≤ N − 2 and
p+ 1 ≤ m ≤ N − 1. In the ase N = 2 one has a omplex whih is of ourse
its unique ontration (C1,0). This is the ase for K(A) and L(A) when A
is a quadrati algebra that is for N = 2. In this latter ase K(A) is the
Koszul omplex the ayliity in positive degrees of whih haraterizes the
quadrati Koszul algebras, a lass of very regular algebras whih ontains the
algebras of polynomials.
In the ase of a N-homogeneous algebra A with N ≥ 3, the right general-
ization of the above Koszul omplex is the omplex CN−1,0 = CN−1,0(K(A)).
Indeed as shown in [5℄ it is the only ontration of K(A) the ayliity of
whih in positive degrees does not lead to a trivial lass of algebras and fur-
thermore it oinides with the Koszul omplex of [3℄ whih was shown there
to be a good generalization for N ≥ 3 of the usual one (i.e. K(A)) in the
quadrati ase. Aordingly this omplex CN−1,0(K(A)) of left A-modules is
refered to as the Koszul omplex of A and A is said to be a Koszul algebra
whenever this omplex is ayli in positive degrees. Sine in degree 0 the
homology of the Koszul omplex of A is the trivial left A-module K, if A is
a Koszul algebra the Koszul omplex of A is a resolution of the trivial left
A-module K.
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Given a positively graded omplex C = ⊕n≥0Cn of hains or of ohains,
C is said to have nite extension D ∈ N if Cn = 0 for n > D and CD 6= 0.
The dual of the Koszul omplex CN−1,0 of a N-homogeneous algebra A is
the omplex of right A-modules C ′N−1,0 = C1,0(L(A)). By dual of the hain
omplex of left A-modules CN−1,0 we here mean the ohain omplex C
′
N−1,0
of right A-modules obtained by applying the funtor HomA(•,A) to eah
left A-module of CN−1,0. If the Koszul omplex of A has nite extension D,
the same is true for its dual C ′N−1,0. If A is a Koszul algebra with Koszul
omplex CN−1,0 of nite extension D then A is of global dimension D. This
implies in partiular [3℄ that A has Hohshild dimension D. If furthermore
the dual omplex C ′N−1,0 gives a resolution of the trivial right A-module K,
i.e. if Hk(C ′N−1,0) = 0 for k < D and H
D(C ′N−1,0) ≃ K, then A is said to be
Gorenstein. This is learly a partiular ase of a sort of (generalization of)
Poinaré duality property.
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